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We propose a quantum bath engineering method for the initialization of arbitrary number of
flux-tunable transmon qubits with a multi-resonator circuit quantum electrodynamics (QED) ar-
chitecture. Through the application of the microwave drives, we can prepare any number of qubits
distributed among the network into arbitrary initial states (on the Bloch sphere surface). Taking
into account the practically experimental parameters, we verify that the initialization process could
be achieved in 1µs with the fidelity in excess of 99%. Moreover, due to the special structure of
the circuit network, the initialization efficiency is independent on the number of (ideal, provided)
qubits, as only a definite number of bosonic modes are involved in despite of the increasing number
of the qubits to be initialized.
PACS numbers:
The turn of this century has witnessed so many ad-
vances in theoretical and experimental frontiers of quan-
tum information processing, including quantum compu-
tation [1, 2], simulation [3–5] as well as communication
[6, 7], with an outlook that many intellectual break-
throughs and technical innovations are still to be made
in the future [8–10]. The physical realization of quan-
tum computing generally requires the ability to initialize
qubit to arbitrary superposition of computational basis
states [11]. Determinately and quickly initializing qubit
into any well-defined state provides a convenient avenue
for an error-corrected information processor [12–14], as
well as for quantum memories [15–17].
The traditional route to generate coherence and en-
tanglement relies on minimizing coupling to a dissipative
bath. Alternatively, demanding control over the cou-
pling in engineer is replaced by a relatively open environ-
ment that allows dissipation to actually assist the gen-
eration of coherence and entanglement [18–20]. Cavity-
or resonator-assisted cooling, which dissipates the kinetic
energy in a dissipative environment created by cavity or
resonator photon loss, has become eye-catching in artifi-
cial atoms [21–24], genuine atoms [25, 26], spins [27, 28],
and mechanical objects [29–31]. A paradigmatic example
is quantum state engineering of a single qubit in a quan-
tum bath, where dissipation may be engineered to relax
the system towards any arbitrary states (corresponding
to points on the Bloch sphere surface) [22]. Recently, it
was demonstrated that cavity-assisted cooling of ensem-
ble spin and artificial atom systems can be implemented
on a timescale about microseconds [22, 28]. Resonator-
assisted quantum bath engineering may be used to pre-
pare the superconducting flux qubit into any orbital state
of the Bloch sphere surface with a controllable phase fac-
tor [24]. However, these gratifying schemes all focus on
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a single qubit. In quantum computation, the operation
of logic gates requires direct or indirect coupling between
qubits. During the process, one of the most critical chal-
lenges is how to effectively initialize designated qubits
while with the other qubits unaffected [11], especially in
such an always-connected circuit network [10].
We propose here an effective quantum bath engineer-
ing method for initializing arbitrary multiple flux-tunable
transmon qubits with a multi-resonator circuit quantum
electrodynamics (QED) architecture. In this work, inde-
pendent, rapid and precise control over the internal state
of the flux-tunable transmon qubit, allows us to prepare
arbitrary qubits into any well-defined states for random
initial states. The Markovian master equation describing
the quantum circuit has been solved in the presence of
the corresponding (say, to qubits) adjustable microwave
drives. Our calculations verified by Monte-Carlo simula-
tion indicate that arbitrary number of qubits are able to
be simultaneously prepared into redefined ground states
for random initial states with short polarization time in
the 0.2-0.8 µs range for the experimentally feasible sam-
ple parameters, which is significantly shorter than the
intrinsic energy relaxation time for the superconducting
flux qubit in the 6-20 µs range [32, 33]. Our numeri-
cal calculations certify that such a method is tolerable of
considerable fluctuation of system’s parameters.
The computational basis states of our circuits are re-
alized using the two lowest energy levels, |0〉 and |1〉, of
the flux-tunable transmon qubit [34]. As shown in FIG.
1(a), a transmon-type qubit capacitively coupled to two
of its adjacent resonators constructs the scalable struc-
tural block, N such blocks capacitively coupled to each
other form the multi-resonator multi-qubit circuit QED
network. Qubits interact through two strongly coupled
resonators, served as a Purcell filter, to suppress the off-
resonant interactions [35]. This multi-resonator multi-
qubit circuit QED architecture is feasible for the cur-
rent experiment technology [36]. In the presence of N
independently adjustable microwave drives, acting one-
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FIG. 1: (a) Schematic diagram of the multi-resonator multi-qubit circuit QED architecture: a transmon-type qubit (surrounded
by green dotted rectangular) capacitively coupled to two of its adjacent resonators (surrounded by blue dotted rectangular)
constructing the scalable structural block (surrounded by red dotted rectangular), N such blocks capacitively coupled to each
other form the multi-resonator multi-qubit circuit QED network. (b) Rotation of Pauli operators. Assume that the nth qubit
should be initialized into the state |−〉
n
= cos( θn
2
) |0〉+ eiφn sin( θn
2
) |1〉, which is the eigenstate of the redefined Pauli operator
σn
z
= − sin θn cos φnσx + sin θn sinφnσy + cos θnσz with eigenvalue −1, i.e., ground state. This Pauli operator σ
n
z
(pink arrow)
can be obtained by an around-z-axis rotation with angle φ-Rz(φ) followed by an around-y-axis rotation with angle θ-Ry(θ).
The detuning of the drive (blue arrow), the real part (red arrow) and imaginary part (green arrow) of the Rabi frequency should
be adjusted to satisfy Eq. (3), which gives clear direction to polarization process. (c) Drive of low-temperature quantum bath.
Effective initialization happens, when the spectrums of the microwave resonator, the filter-fliter coupling and the effective Rabi
frequency match, i.e., δω − v − 2Ω¯ = 0. Quantum bath engineering created by the resonator photon shot noise drives each
qubit to its target states |−〉
n
for random initial states. Here we set N = 3.
to-one on N qubits, oscillation between energy levels |0〉
and |1〉 of each qubit with regolabile frequency ωn is in-
duced near resonance. We can write the Hamiltonian for
the whole quantum circuit within the standard rotating
wave approximation (RWA) as well as in the rotating
frame R1 =
∑2N+2
m=1 ̟La
+
mam +
∑N
n=1̟Lσ
n
z /2 as (~ = 1
is assumed)
H1 =
2N+2∑
m=1
δωa+mam +
N+1∑
n=1
va2n−1a
+
2n + va
+
2n−1a2n
+
N∑
n=1
Re(Ωn)σ
n
x + Im(Ωn)σ
n
y + δ̟nσ
n
z /2
+
N∑
n=1
g(a+2n + a
+
2n+1)σ
n
− + g(a2n + a2n+1)σ
n
+ (1)
with δω = ωc−̟L and δ̟n = ωn−̟L, where am (a
+
m) is
the annihilation (creation) operator of the mth resonator
with the frequency ωc, σ
n
+ (σ
n
−) and σ
n
j are the raising
(lowering) and j-direction (j = x, y, z) Pauli operators
of the nth qubit with the frequency ̟L, Ωn is the Rabi
frequency of the drive acting on the nth qubit, v is the
filter-filter coupling and g is the qubit-filter interaction.
Our design concept is illustrated in FIG. 1(b)-(c). Firstly,
we rotate the Pauli operators of each qubit, as depicted
in FIG. 1(b), which makes the low-eigenvalue eigenstate
of the rotated Pauli operator to be the target state of
the nth qubit. Secondly, the photon-loss-assisted driving
could stabilize each qubit to its redefined ground state,
i.e., the required state, as depicted in FIG. 1(c). For the
nth qubit, any specified point on the Bloch sphere surface
|−〉n = cos(
θn
2 ) |0〉+ e
iφn sin( θn2 ) |1〉 with θn ∈ [0, π] and
φn ∈ [0, 2π), must be the eigenstate of the Pauli operator
after rotation σnz = − sin θn cosφnσx + sin θn sinφnσy +
cos θnσz with eigenvalue −1, i.e., ground state. This ro-
tation is able to be realized by an around-z-axis rotation
with angle φn followed by an around-y-axis rotation with
angle θn (As depicted in FIG. 1(b), where the bold sub-
scripts x,y, z indicate the space basics after rotation).
By weakly coupling each qubit to adjacent resonators
with capacitance and by employing a microwave drive
3that is near resonance with the qubit transition, the en-
gineered low-temperature quantum bath could drive each
flux-tunable transmon qubit to its ground state |−〉n.
In analogy to resonator-assisted quantum bath engi-
neering [24], we here introduce a rotating transformation
Rn of Pauli operators for each qubit to investigate the
polarization efficiency of the arbitrary direction

 σ
n
x
σny
σnz

=

 cos θn cosφn − cos θn sinφn sin θnsinφn cosφn 0
− sin θn cosφn sin θn sinφn cos θn



 σ
n
x
σny
σnz

 ,
(2)
where the rotation angles θn and ϕn are determined by
the Rabi frequency and the detuning of the nth drive
field with
−
Re(Ωn)
sin θn cosφn
=
Im(Ωn)
sin θn sinφn
=
δ̟n
2 cos θn
. (3)
We can define this ratio as an effective Rabi frequency
Ω¯ ≡ [|Ωn|
2 + |δ̟n|
2/4]1/2, (4)
where we have removed the n-dependence of that by ad-
justing Ωn and δ̟n for simplicity.
In the rotating frame of R2 =
∑N
n=1 Ω¯σ
n
z +∑2N+2
m=1 δωa
+
mam +
∑N+1
n=1 v(a2n−1a
+
2n + a
+
2n−1a2n), the
Hamiltonian generates six modes M(m,n)(m = ±1, n =
0,±1) with frequencies ωmn = δω + mv + 2nΩ¯. We
here make a brief summation of the functions of these six
modes. There is no preference in the σnz direction for the
dynamics of modes M(m, 0) at the thermal equilibrium,
while those of modes M(m,±1) would drive the qubit
to the 〈σnz 〉 = ±1 states, repectively [24, 28]. There-
fore, modes M(m,−1) must dominate our polarization
process. Here we prefer the mode M(−1,−1) [37]. We
may set ∆ = δω − v − 2Ω¯ to be close to zero, choose
the strong enough filter-filter coupling, and make the ef-
fective Rabi frequency satisfy 2Ω¯, 2v ≫ ∆, so that other
high-frequency modes M(m,n) separate well from mode
M(−1,−1). In the interaction frame of R2, the Hamilto-
nian reduces into HI(t) =
∑N
n=1Hn(t) with
Hn =
2n+2∑
m=2n−1
g
4
(cos θn+1)e
i(∆t+φn)a+mσ
n(z)
− +H.c.. (5)
where we use again RWA in the parameter regime where
2Ω¯, 2v are large compared to the dissipation rate of
the resonator, κ, and the qubit-filter coupling g, i.e.,
2Ω¯, 2v ≫ κ, g.
We now move on to study the polarization efficiency
of each qubit dominated by the mode M(−1,−1), i.e.,
∆→ 0. The evolution of the multi-resonator multi-qubit
circuit in an open environment can be modeled by the
Lindblad master equation
d
dt
ρ(t) = L[HI(t)]ρ(t) +Dcρ(t), (6)
with
Dc =
2N+2∑
m=1
κ
2
((1 + n¯)D[am] + n¯D[a
+
m]). (7)
where the qubit dissipation is at the moment left out
of consideration, L is the superoperator L[HI(t)]ρ(t) =
−i[HI(t), ρ] describing the unitary evolution under the
domination of HI , Dc is a dissipator representing the dis-
sipative environment created by resonator photon loss,
D[O]ρ = 2OρO+ − {O+O, ρ}, n¯m = trc[a
+
mamρeq ] =
1/
(
eωc/kBTc − 1
)
is the expectation value of the photon
number operator at equilibrium associated with the tem-
perature of the resonators, Tc, and the Boltzmann con-
stant kB.
The reduced dynamics of flux-tunable transmon qubits
in the interaction frame of the dissipator is given by the
2nd order time-convolutionless master equation (See Ap-
pendix B):
˙̺(t) = −
∫ t
0
dτe−κτ/2trc[[HI(t), [HI(t− τ), ̺(t) ⊗ ρeq]]].
(8)
If the condition in Eq. (3) is satisfied, the nth qubit with
the target state characterized by the specified point on
the Bloch sphere surface (θn, φn) can be effectively po-
larized, when the spectrums of the microwave resonator,
the filter-fliter coupling and the effective Rabi frequency
match, i.e., ∆ → 0. Then the effective polarization rate
of each qubit becomes (See Appendix B):
Γn =
(1 + cos θn)
2
1 + 4(∆/κ)2
g2
κ
. (9)
With the definition of ~Pσn
z
(t) = [P−1(t), P1(t)]
T , where
Pσn
z
(t) = 〈σnz | ̺(t) |σ
n
z 〉 (σ
n
z = ±1) is the expectation
value of the projection operator |σnz 〉 〈σ
n
z | at an arbitrary
time t, the Lindblad master equation will reduce to a rate
equation for the state populations of each qubit:
d
dt
~Pσn
z
(t) = ΓnM~Pσn
z
(t), (10)
with
M =
[
−n¯ n¯+ 1
n¯ −(n¯+ 1)
]
. (11)
In equilibrium, the steady state of the flux-tunable trans-
mon qubit satisfies ∂t ~Pσn
z
(t) = 0 and the expectation
value of the operator σnz for the equilibrium state is
〈σnz 〉eq =
e−ωc/kBTc − 1
e−ωc/kBTc + 1
. (12)
In the ideal case where all resonators are cooled to their
ground states, i.e., vacuum states (Tc → 0), the final
expectation value is approximately 〈σnz 〉eq ≃ −1.
4The separability of rate equation (10) for each qubit
makes it easy for us to simulate the gratifying re-
sults. For the nth qubit initially taken to be maxi-
mally mixed in the basis, i.e., Pσn
z
(0) = 1/2 (σnz = ±1),
the evolutions of the simulated expectation values 〈σnz 〉
for different temperatures Tc = 0.0, 0.3, 0.4, 0.5K are
shown in FIG. 2 with equilibrium expectation values
−1.000,−0.995,−0.979,−0.948, respectively. The evo-
lution of the simulated expectation value 〈σmz 〉 for tem-
perature Tc ≤ 0.3K (within which the thermodynam-
ics effect may not be observed [32, 33]) may be fitted
to an exponential function to derive an effective polar-
ization time constant, Tn. A fit to a model given by
〈σnz 〉 = exp(−t/Tn)− 1 yields the parameter
Tn ≃
1
Γn
=
1 + 4(∆/κ)2
(1 + cos θn)2
κ
g2
. (13)
We find that the resetting efficiency is independent on the
number of qubits. Inset of FIG. 2 depicts the effective
dissipation rate versus the dimensionless parameters ∆/κ
and θn in the units of g
2/κ. Apparently, the polarization
time increases rapidly, when the Stokes photons are off-
resonant with the resonator and the condition ∆≫ κ is
satisfied. And the most efficient polarization happens in
z direction with the effective dissipation rate Γn = 4g
2/κ
(θn = 0,∆ = 0).
Here we consider the experimentally feasible parame-
ters: v/2π = 100 MHz, Ω¯/2π = 100 MHz, ωL/2π = 5.7
GHz and ωc/2π = 6 GHz. If we want to initialize the nth
qubit into the state |−〉n = cos(
θn
2 ) |0〉+ e
iφn sin( θn2 ) |1〉,
the qubit frequency should be set to be ωn = ωL +
2Ω¯ cos θn, and the microwave drive acting on this qubit
should be adjusted with [Re(Ωn), Im(Ωn), δ̟n/2] =[
−Ω¯ sin θn cosφn, Ω¯ sin θn sinφn, Ω¯ cos θn
]
. In such a
case, the polarization time, Tn, of each qubit is of the
range of 0.2− 0.8µs in the parameter regime (g, κ)/2π =
(2, 20) MHz, which is significantly shorter than the in-
trinsic energy relaxation time for the superconducting
flux qubit in the 6-20µs range [32, 33].
Assume that the quantum circuit has three
qubits (N = 3) and should be initialized into[〈
σ1x
〉
,
〈
σ2y
〉
,
〈
σ3z
〉]
= [−1,−1,−1] state. For the
initial state
[〈
σ1y
〉
,
〈
σ2z
〉
,
〈
σ3x
〉]
= [1, 1, 1], a Monte
Carlo method is used to simulate the Lindblad master
equation of the interaction Hamiltonian H1, based
on Quantum Toolbox in Python [38, 39]. FIG. 3(a)
describes the evolutions of the expectation values 〈σnz 〉
of the qubits in the parameter regime (g, κ)/2π = (2, 20)
MHz. Apparently, it is consistent with the inset of FIG.
3(a), which shows the evolutions of the expectation
values 〈σnz 〉 of the qubits for the rate equation (10).
As shown in FIG. 3(a), all qubits are able to reach a
quite high reliability with the final expectation values[〈
σ1x
〉
,
〈
σ2y
〉
,
〈
σ3z
〉]
≈ [−0.9998,−0.9997,−1.0000]. We
can obviously observe that the speed of the simulated
expectation value
〈
σ3z
〉
(approaching −1) is four times
as fast as those of the simulated expectation values〈
σ1x
〉
and
〈
σ2y
〉
, which validates the analytical derivation
FIG. 2: The evolutions of the simulated expectation val-
ues 〈σn
z
〉 for different temperatures Tc = 0.0K (Square),
Tc = 0.3K (Triangle), Tc = 0.4K (Circle) and Tc = 0.5K
(Pentagram), where time axis is scaled by the effective dis-
sipation rate, Γn, of the nth qubit. Inset is the effective
dissipation rate in the unit of g2/κ versus the dimension-
less parameters ∆/κ and θn. The most efficient polariza-
tion happens in z-direction with the effective dissipation rate
Γn = 4g
2/κ (cos θn = 1,∆ = 0), where the time corre-
sponding to Γnt = 16 is 3.2µs in the parameter regime
(g, κ)/2pi = (2, 20) MHz. Parameter: v/2pi = 100 MHz,
Ω¯/2pi = 100 MHz, ωL/2pi = 5.7 GHz, ωc/2pi = 6 GHz,
Ωn = Ω¯e
i(pi−φn) and ωn = ωL + 2Ω¯ cos θn.
of the effective θn-dependent dissipation rate (9) with
Γ3 = 4Γ1 = 4Γ2.
The influences of the fluctuations of parameters Ωn and
δ̟n have been previously studied and are normally small
enough to be neglected [24]. Simulation results show
that the considerable fluctuations of parameters κ and
g are also allowed. The polarization efficiency can be im-
proved when we make an optimization of the parameters
(g, κ)/2π = (15, 10) MHz, as shown in FIG. 3(b), where
all transmon-type qubits are almost completely driven
into their target states after 0.32µs polarization pro-
cess with
[〈
σ1x
〉
,
〈
σ2y
〉
,
〈
σ3z
〉]
≈ [−0.998,−0.998,−1.000].
This significant improvement over previous works opens
the way to multi-resonator mutli-qubit network quantum
protocols across a range of quantum algorithm, photonic
memory, and nascent quantum simulation.
The qubit dissipation will make a disturbance on the
equilibrium state and should be considered before it
comes to the conclusion. In the presence of qubit de-
cay and qubit dephasing, the Lindblad master equation
of the quantum system is
d
dt
ρ(t) = L[H1]ρ(t) +Dcρ(t) (14)
+
N∑
n=1
1
Tθ
D[σ
n(z)
− ]ρ(t) +
1
2Tφ
D[σn(z)z ]ρ(t),
where 1/Tθ and 1/Tφ are the rates for qubit decay and
qubit dephasing, respectively. The evolutions of the ex-
pectation values
〈
σnj
〉
, with the experimentally available
parameters (Tθ, Tφ) = (20, 10)µs [33], are simulated for
the master equation in Eq. (14). We note that a quite
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FIG. 3: (a)-(b) The evolutions of the simulated expectation
values 〈σn
z
〉 of three qubits with the Lindblad master equation
for the parameter regimes (a) (g, κ)/2pi = (2, 20) MHz and (b)
(g, κ)/2pi = (15, 10) MHz. Inset of FIG. 3(a) describes the
evolutions of the expectation values 〈σn
z
〉 of 3 qubits for the
rate equation (10). (c) The final expectation values 〈σn
z
〉 of
the master equation (14) in the parameter regime (g, κ)/2pi =
(15, 10) MHz for three different sets of qubit dissipation rates
(1/Tθ , 1/Tφ). Parameter: v/2pi = 100 MHz, Ω1/2pi = 100
MHz, Ω2/2pi = 100i MHz, Ω3/2pi = 0 MHz, ωL/2pi = 5.7
GHz, ω1/2pi = 5.7 GHz, ω2/2pi = 5.7 GHz, ω3/2pi = 5.9 GHz
and ωc/2pi = 6 GHz.
high reliability can be obtained with the final expectation
values
[〈
σ1x
〉
,
〈
σ2y
〉
,
〈
σ3z
〉]
≈ [−0.995,−0.995,−1.000], as
shown in FIG. 3(c). This means that the proposed
scheme is in principle feasible with the presently experi-
mental sample parameters.
In conclusion, we have demonstrated a quantum bath
engineering method for the initialization of arbitrary
number of flux-tunable transmon qubits with a multi-
resonator circuit QED architecture. Precise, rapid and
independent control over the internal states of transmon-
type qubits, allows us to achieve flexible resetting for any
designated qubits in an alway-connected circuit network.
This work is supported by the National Natural Sci-
ence Foundation of China under Grants No.11405031,
No.11305037, No.11374054 and No.11347114, the Major
State Basic Research Development Program of China Un-
der Grant No.2012CB921601, the Natural Science Foun-
dation of Fujian Province under Grant No.2014J05005,
and the fund from Fuzhou University. Z.-Q.Y. is sup-
ported by the National Natural Science Foundation of
China under Grants No.61435007 and No.11474177. L.-
Y.S. is supported by the National Natural Science Foun-
dation of China under Grant No.11474177 and the 1000
Youth Fellowship program in China.
Appendix: Derivation of Markovian Master
Equation and Analysis of Approximations
A. System Hamiltonian
Here we consider the microwave drive acting on each
flux-tunable transmon qubit is nearly resonant with the
corresponding qubit frequency ωn (n = 1 ∼ N), the com-
posite Hamiltonian of the multi-resonator multi-qubit
network for the superconducting circuit is H = H0 +
Hr +Hd +Hh with (~ = 1 is assumed)
H0 =
2N+2∑
m=1
ωca
+
mam +
N∑
n=1
ωn
2
σnz , (A.1)
Hr =
N∑
n=1
ga2nσ
n
x + ga2n+1σ
n
x +H.c., (A.2)
Hd =
N∑
n=1
Ωnσ
n
−e
iωLt + Ω˜σn−e
−iωLt +H.c., (A.3)
Hh =
N+1∑
n=1
va2n−1a
+
2n + va
+
2n−1a2n, (A.4)
where am (a
+
m) is the annihilation (creation) operator of
the mth resonator with the frequency ωc, Ωn and Ω˜n
are the Rabi and the counter-rotating Rabi frequencies
of the drive acting on the nth qubit, σ+ (σ−) and σj
(j = x, y, z) are the raising (lowering) and j-direction
(j = x, y, z) Pauli operators of the nth qubit with
the frequency ωL, v is the filter-filter coupling and g
is the qubit-filter coupling. In rotating frame defined
by R1 =
∑2N+2
m=1 ̟La
+
mam +
∑N
n=1̟Lσ
n
z /2, the system
Hamiltonian becomes
H1 =
2N+2∑
m=1
δωa+mam +
N+1∑
n=1
va2n−1a
+
2n + va
+
2n−1a2n
+
N∑
n=1
Re(Ωn)σ
n
x + Im(Ωn)σ
n
y + δ̟nσ
n
z /2
+
N∑
n=1
g(a+2n + a
+
2n+1)σ
n
− + g(a2n + a2n+1)σ
n
+
(A.5)
6with δω = ωc − ωL and δ̟n = ωn − ωL, where we have
made the standard rotating wave approximation (RWA)
to remove any time-dependent terms of the Hamiltonian,
in the parameter regime ωc, ωL, ωn ≫ g, κ, v,Ωn, Ω˜n.
In analogy to resonator-assisted quantum bath engi-
neering [24], we introduce a rotating transformation Rn
of Pauli operators of each qubit to investigate the polar-
ization efficiency of the arbitrary direction

 σ
n
x
σny
σnz

=

 cos θn cosφn − cos θn sinφn sin θnsinφn cosφn 0
− sin θn cosφn sin θn sinφn cos θn



 σ
n
x
σny
σnz


(A.6)
with
−
Re(Ωn)
sin θn cosφn
=
Im(Ωn)
sin θn sinφn
=
δ̟n
2 cos θn
. (A.7)
We can define this ratio as an effective Rabi frequency
for each qubit
Ω¯ ≡ [|Ωn|
2 + |δ̟|2/4]1/2, (A.8)
where we have removed the n-dependence of that by
adjusting Ωn and δ̟n for simplicity, which is an easy
operation in experiment. In rotating frame of R2 =
Hh+
∑N
n=1 Ω¯σ
n
z +
∑2N
m=1 δωa
+
mam, the total Hamiltonian
reduces to H2(t) =
∑
nHn(t) with
Hn(t) = ge
itR2
(
a+2n + a
+
2n+1
)
σn−e
−itR2 +H.c.
=
[
eitΩ¯σ
n
z (Θnxσ
n
x +Θ
n
yσ
n
y +Θ
n
zσ
n
z )e
−itΩ¯σn
z
]
× g
[
eitR2(a+2n + a
+
2n+1)e
−itR2
]
+H.c., (A.9)
where
Θnx =
1
2
cos θne
iφn ,Θny = −
i
2
eiφn ,Θnz =
1
2
sin θne
iφn .
(A.10)
Using the Baker-Campbell-Hausdorf expansion, we ob-
tain
eitΩ¯σ
n
z σnxe
−itΩ¯σn
z = e2itΩ¯σ
n(z)
+ + e
−2itΩ¯σ
n(z)
− , (A.11)
eitΩ¯σ
n
z σnye
−itΩ¯σn
z = i(e−2itΩ¯σ
n(z)
− − e
2itΩ¯σ
n(z)
+ ), (A.12)
eitR2a+2ne
−itR2 =
1
2
[
ei(δω+v)ta+2n + e
i(δω−v)ta+2n
+ ei(δω+v)ta+2n+1 − e
i(δω−v)ta+2n+1
]
,
(A.13)
eitR2a+2n+1e
−itR2 =
1
2
[
ei(δω+v)ta+2n − e
i(δω−v)ta+2n
+ ei(δω+v)ta+2n+1 + e
i(δω−v)ta+2n+1
]
,
(A.14)
where σ
n(z)
± = (σ
n
x ± iσ
n
y)/2 are the ladder operators
in the z-basis. Here we emphasize the special structure
of the multi-resonator multi-qubit circuit QED architec-
ture. As shown in Eqs. (A.13,A.14), RWA corresponding
to resonators only generates two modes (δω ± v), which
greatly reduces the complexity of analytical derivation of
the scheme, and efficiently improve the polarization. Let
us make comparisons with other three kinds of network
structures. The most general multi-cavity and multi-
qubit system is the one at which each qubit is coupled
to one cavity, which is directly coupled to its neighboring
ones. In this case, the second RWA will generate total 3N
modes, the resetting efficiency will be greatly reduced,
because only small proportion of modes are matched. In
comparison with the case where qubits interact through
n(n > 2) resonators, the second RWA will generate to-
tal 3n modes. The resetting processes is also influenced
by the same reason. The simpler network, where qubits
interact through only one resonator, seems to be incon-
venient for the scalability.
Substituting Eqs. (A.11-A.14) into Hamiltonian (A.9),
we can obtain Hn(t) =
∑
l=±1
∑
k=0,±1H
n
lk(t) with
Hnlk(t) =


∑
mA
l
mngΘ
n
−e
iωlkta+mσ
n(z)
− +H.c., k=−1;∑
mA
l
mngΘ
n
ze
iωlkta+mσ
n(z)
z +H.c., k=0;∑
mA
l
mngΘ
n
+e
iωlkta+mσ
n(z)
+ +H.c., k=+1.
(A.15)
where the rotating frame of R2 makes the Hamiltonian
generate six modes M(l, k)(l = ±1, k = 0,±1) with fre-
quencies ωlk = δω+lv+2kΩ¯, coefficients A
l
mn are given in
FIG. 4(a)-(b) for the case N = 3, and (θn, φn)-dependent
coefficients are given by Θn± = e
iφn(cos θn ∓ 1)/2 for the
nth qubit.
There is no preference in the σnz direction for the dy-
namics of modes M(±, 0) at the thermal equilibrium,
while those of modes M(l,±1) will drive the qubit to
the 〈σnz 〉 = ±1 states, repectively [24, 28]. Therefore,
resonator-assisted cooling requires that we should re-
move the dynamics of M(l,+1) with appropriate RWA.
The (θn, φn)-dependent coefficients Θ
n
+ indicate that this
RWA has more warrant for an around-z-axis polarization,
where coefficients Θn+ approaches zero and the dynamics
of M(l,+1) disappears.
We may set ∆l = δω+ lv− 2Ω¯ to be close to zero, and
choose the appropriate filter-filter coupling and the effec-
tive Rabi frequency, so that other high-frequency modes
M(l′, n)(l′ 6= l or n 6= −1) well separate from mode
M(l,−1). It happens when 2Ω¯ and v are big enough, i.e.,
2Ω¯, v ≫ ∆l. In the interaction frame of R2, RWA reduces
the Hamiltonian into H lI =
∑N
n=1
∑2N+2
m=1 H
l
mn(t) with
H lmn(t) = Θ
l
mna
+
mσ
ln
− (t) + Θ
l∗
mnamσ
ln
+ (t), (A.16)
where
Θ±mn = gA
l
mnΘ
n
−, σ
ln
± (t) = σ
n(z)
± e
∓i∆lt. (A.17)
This RWA is valid in the parameter regime 2Ω¯, v ≫ κ, g.
7FIG. 4: (a)-(b) The constants Almn specified in Eq. (A.15)
versus the qubit indices n and the resonator indices m for the
system dominated by the mode M(l,−1) (a) l = −1 or (b)
l = 0. Here N is assumed to be 3.
B. Derivation of Markovian master equation
The evolution of the multi-resonator multi-qubit net-
work for the superconducting circuit in an open environ-
ment can be modeled by the Lindblad master equation
[40],
d
dt
ρ(t) = L
[
H lI(t)
]
ρ+Dcρ(t), (B.1)
where index l = ±1 corresponds to system dominated
by mode M(l,−1), L
[
H lI(t)
]
ρ = −i[H lI(t), ρ] is a su-
peroperator describing the unitary evolution under the
domination of H lI , Dc is a dissipator describing the non-
Hermitian dynamics of the system due to the coupling to
environment
Dc =
2N+2∑
m=1
κ
2
((1 + n¯m)D[am] + n¯mD[a
+
m]), (B.2)
where D[O]ρ = 2OρO+ − {O+O, ρ}, n¯m =
trc[a
+
mamρeq] = 1/
(
eωc/kBTc − 1
)
is the expectation
value of the photon number operator at equilibrium as-
sociated with the temperature of the bath, Tc, and the
Boltzmann constant kB.
The interaction superoperator can be expressed as
Q˜(t) = e−DctQ(t)eDct provided it works in the rotat-
ing frame with the dissipator Dc, and the system state
evolves according to ρ˜(t) = e−Dctρ(t). Then the master
equation (B.1) of the whole system reduces to
˙˜ρ(t) = L˜[H lI(t)]ρ˜(t). (B.3)
Let’s introduce a projection operator Pˆ as to satisfy:
Pˆ ρ(t) = ̺(t)⊗ ρeq. (B.4)
where ̺(t) = trc[ρ(t)] is the reduced state of N flux-
tunable transmon qubits and ρeq is the resonators equi-
librium state. The reduced dynamics of the flux-tunable
transmon qubits are transformed into the 2nd order time-
convolutionless (TCL) master equation [40]
d
dt
Pˆ ρ˜(t) =
∫ t
0
dτPˆ L˜[H lI(t)]L˜[H
l
I(t− τ)]Pˆ ρ˜(t). (B.5)
Using the algebraic transformation of the dissipator Dc:
trc[D
+
c [O]O
′] =trc[ODc[O
′]] for the arbitrary resonator
operator O (O′), and combing the properties:
D+c [I] = 0, e
D+
c
t[I] = 1, (B.6)
D+c [am] = −
κ
2
am, e
D+
c
t[am] = e
−κt/2am, (B.7)
D+c [a
+
m] = −
κ
2
a+m, e
D+
c
t[a+m] = e
−κt/2a+m. (B.8)
we have
Pˆ ρ˜(t) = trc[e
tDctρ(t)]⊗ ρeq
= trc[e
−D+
c
t[I]ρ(t)] ⊗ ρeq
= Pˆ ρ(t). (B.9)
Then the reduced dynamics of the composite system is
[28]
˙̺(t) =
∫ t
0
dτtrc[L[H
l
I(t)]e
DcτL[H lI(t−τ)]̺(t) ⊗ ρeq]
=
∫ t
0
dτtrc[e
D+
c
τ (L[H lI(t)])L[H
l
I(t−τ)]̺(t) ⊗ ρeq]
=
∫ t
0
dτe−κτ/2trc[L[H
l
I(t)]L[H
l
I(t−τ)]̺(t) ⊗ ρeq]
= −
∫ t
0
dτe−κτ/2trc[[H
l
I(t), [H
l
I(t−τ), ̺(t)⊗ ρeq]]].
(B.10)
With the Definition
F l~n~ı(t, s) = trc[[H
l
ın(t), H
l
ı′n′(s)]̺(t) ⊗ ρeq], (B.11)
where ~n = (n, n′) and ~ı = (ı, ı′), the 2nd order TCL
master equation (B.10) becomes
˙̺(t) = −
∑
~n,~ı
∫ t
0
dτe−κτ/2F l~n~ı(t, t− τ). (B.12)
Employing the following equation relation of the res-
onators equilibrium state
trc[aıa
+
ı′ ρeq] = (n¯ı + 1)δı,ı′ , (B.13)
trc[a
+
ı aı′ρeq] = n¯ıδı,ı′ , (B.14)
trc[a
+
ı a
+
ı′ ρeq] = 0, (B.15)
trc[aıaı′ρeq] = 0, (B.16)
we obtain
8F l~n~ı(t, s) = trc[Θ
l
ına
+
ı σ
ln
− (t), [Θ
l∗
ı′n′aı′σ
ln′
+ (s), ̺(t)⊗ ρeq]] + trc[Θ
l∗
ınaıσ
ln
+ (t), [Θ
l
ı′n′a
+
ı′σ
ln′
− (s), ̺(t)⊗ ρeq ]]
= ΘlınΘ
l∗
ı′n′
{
trc[a
+
ı aı′ρeq][σ
ln
− (t)σ
ln′
+ (s)̺− σ
ln
− (t)̺σ
ln′
+ (s)] + trc[aı′a
+
ı ρeq][̺σ
ln′
+ (s)σ
ln
− (t)− σ
ln′
+ (s)̺σ
ln
− (t)]
}
+ Θl∗ınΘ
l
ı′n′
{
trc[a
+
ı′ aıρeq][̺σ
ln′
− (s)σ
ln
+ (t)− σ
ln′
− (s)̺σ
ln
+ (t)] + trc[aıa
+
ı′ ρeq][σ
ln
+ (t)σ
ln′
− (s)̺− σ
ln
+ (t)̺σ
ln′
− (s)]
}
= δı,ı′
{
ΘlınΘ
l∗
ın′ n¯ı[σ
ln
− (t)σ
ln′
+ (s)̺− σ
ln
− (t)̺σ
ln′
+ (s)] + Θ
l∗
ınΘ
l
ın′ n¯ı[̺σ
ln′
− (s)σ
ln
+ (t)− σ
ln′
− (s)̺σ
ln
+ (t)]
+ ΘlınΘ
l∗
ın′(n¯ı + 1)[̺σ
ln′
+ (s)σ
ln
− (t)− σ
ln′
+ (s)̺σ
ln
− (t)]+Θ
l∗
ınΘ
l
ın′(n¯ı + 1)[σ
ln
+ (t)σ
ln′
− (s)̺− σ
ln
+ (t)̺σ
ln′
− (s)]
}
.(B.17)
Let’s set the upper limit of the integral to infinity:
∫ t
0 dτ →
∫∞
0 dτ and introduce the superoperator generators
Gl~n~ı(t)̺(t) = −
∫ ∞
0
dτe−κτ/2F l~n~ı(t, t− τ), (B.18)
in order to reduce the master equation to
d
dt
̺(t) =
∑
~n,~ı
Gl~n~ı(t)̺(t). (B.19)
Using the following formula of integration
∫ ∞
0
dτe−κτ/2e±iτ∆l =
2
κ∓ i2∆l
= ηl ± iλl, (B.20)
with
ηl =
2κ
κ2 + 4∆2l
, λl =
4∆l
κ2 + 4∆2l
, (B.21)
we have
Gl~n~ı(t)̺(t) = −
∫ ∞
0
dτe−κτ/2F l~n~ı(t, t− τ)
= −δı,ı′
∫ ∞
0
dτe−κτ/2
{
ei∆lτΘlınΘ
l∗
ın′ n¯ı[σ
ln
− σ
ln′
+ ̺− σ
ln
− ̺σ
ln′
+ ] + e
−i∆lτΘl∗ınΘ
l
ın′ n¯ı[̺σ
ln′
− σ
ln
+ − σ
ln′
− ̺σ
ln
+ ]
+ ei∆lτΘlınΘ
l∗
ın′(n¯ı + 1)[̺σ
ln′
+ σ
ln
− − σ
ln′
+ ̺σ
ln
− ] + e
−i∆lτΘl∗ınΘ
l
ın′(n¯ı + 1)[σ
ln
+ σ
ln′
− ̺− σ
ln
+ ̺σ
ln′
− ]
}
,
= −δı,ı′
{
(ηl + iλl)Θ
l
ınΘ
l∗
ın′ n¯ı[σ
ln
− σ
ln′
+ ̺− σ
ln
− ̺σ
ln′
+ ] + (ηl − iλl)Θ
l∗
ınΘ
l
ın′ n¯ı[̺σ
ln′
− σ
ln
+ − σ
ln′
− ̺σ
ln
+ ]
+ (ηl + iλl)Θ
l
ınΘ
l∗
ın′(n¯ı + 1)[̺σ
ln′
+ σ
ln
− − σ
ln′
+ ̺σ
ln
− ] + (ηl − iλl)Θ
l∗
ınΘ
l
ın′(n¯ı + 1)[σ
ln
+ σ
ln′
− ̺− σ
ln
+ ̺σ
ln′
− ]
}
,
= −δı,ı′
{
n¯ıηl[Θ
l
ınΘ
l∗
ın′(σ
ln
− σ
ln′
+ ̺− σ
ln
− ̺σ
ln′
+ ) + Θ
l∗
ınΘ
l
ın′(̺σ
ln′
− σ
ln
+ − σ
ln′
− ̺σ
ln
+ )]
+ in¯ıλl[Θ
l
ınΘ
l∗
ın′(σ
ln
− σ
ln′
+ ̺− σ
ln
− ̺σ
ln′
+ )−Θ
l∗
ınΘ
l
ın′(̺σ
ln′
− σ
ln
+ − σ
ln′
− ̺σ
ln
+ )]
+ (n¯ı + 1)ηl[Θ
l
ınΘ
l∗
ın′(̺σ
ln′
+ σ
ln
− − σ
ln′
+ ̺σ
ln
− ) + Θ
l∗
ınΘ
l
ın′(σ
ln
+ σ
ln′
− ̺− σ
ln
+ ̺σ
ln′
− )]
+ i(n¯ı + 1)λl[Θ
l
ınΘ
l∗
ın′(̺σ
ln′
+ σ
ln
− − σ
ln′
+ ̺σ
ln
− )−Θ
l∗
ınΘ
l
ın′(σ
ln
+ σ
ln′
− ̺− σ
ln
+ ̺σ
ln′
− )]
}
. (B.22)
In view of the identity of N separated qubits, we only discuss the evolution of one qubit, the state of that is diagonal
in the coupled angular momentum basis ̺n(t) =
∑
ı=±1 Pı(t)̺
n
ı . Here we finally consider the diagonal matrix elements
Pσn
z
(t) = 〈σnz | ̺
n(t) |σnz 〉 (σ
n
z = ±1) of the reduced density operator ̺
n(t), which corresponds to the expectation value
of the projection operator ̺σn
z
= |σnz 〉 〈σ
n
z | at an arbitrary time t. For the ath qubit, we obtain
9d
dt
Pσa
z
(t) =
∑
~n,~ı
tra[G
l
~n~ı(t)̺(t)̺σaz ]
= −
∑
nn′
∑
ı
{
n¯ıηltra[Θ
l
ınΘ
l∗
ın′(σ
n
−σ
n′
+ ̺̺σaz − σ
n
−̺σ
n′
+ ̺σaz ) + Θ
l∗
ınΘ
l
ın′(̺σ
n′
− σ
n
+̺σaz − σ
n′
− ̺σ
n
+̺σaz )]
+ in¯ıλltra[Θ
l
ınΘ
l∗
ın′(σ
n
−σ
n′
+ ̺̺σaz − σ
n
−̺σ
n′
+ ̺σaz )−Θ
l∗
ınΘ
l
ın′(̺σ
n′
− σ
n
+̺σaz − σ
n′
− ̺σ
n
+̺σaz )]
+ (n¯ı + 1)ηltra[Θ
l
ınΘ
l∗
ın′(̺σ
n′
+ σ
n
−̺σaz − σ
n′
+ ̺σ
n
−̺σaz ) + Θ
l∗
ınΘ
l
ın′(σ
n
+σ
n′
− ̺̺σaz − σ
n
+̺σ
n′
− ̺σaz )]
+ i(n¯ı + 1)λltra[Θ
l
ınΘ
l∗
ın′(̺σ
n′
+ σ
n
−̺σaz − σ
n′
+ ̺σ
n
−̺σaz )−Θ
l∗
ınΘ
l
ın′(σ
n
+σ
n′
− ̺̺σaz − σ
n
+̺σ
n′
− ̺σaz )]
}
= −
∑
nn′
∑
ı
{
n¯ıηltra[Θ
l
ınΘ
l∗
ın′(̺̺σaz σ
n
−σ
n′
+ − ̺σ
n′
+ ̺σaz σ
n
−) + Θ
l∗
ınΘ
l
ın′(̺σ
n′
− σ
n
+̺σaz − ̺σ
n
+̺σaz σ
n′
− )]
+ in¯ıλltra[Θ
l
ınΘ
l∗
ın′(̺̺σaz σ
n
−σ
n′
+ − ̺σ
n′
+ ̺σaz σ
n
−)−Θ
l∗
ınΘ
l
ın′(̺σ
n′
− σ
n
+̺σaz − ̺σ
n
+̺σaz σ
n′
− )]
+ (n¯ı + 1)ηltra[Θ
l
ınΘ
l∗
ın′(̺σ
n′
+ σ
n
−̺σaz − ̺σ
n
−̺σaz σ
n′
+ ) + Θ
l∗
ınΘ
l
ın′(̺̺σaz σ
n
+σ
n′
− − ̺σ
n′
− ̺σaz σ
n
+)]
+ i(n¯ı + 1)λltra[Θ
l
ınΘ
l∗
ın′(̺σ
n′
+ σ
n
−̺σaz − ̺σ
n
−̺σaz σ
n′
+ )−Θ
l∗
ınΘ
l
ın′(̺̺σaz σ
n
+σ
n′
− − ̺σ
n′
− ̺σaz σ
n
+)]
}
= −
∑
ı
∣∣Θlıa∣∣2 {n¯ıηltra[(̺̺σaz σa−σa+ − ̺σa+̺σaz σa−) + (̺σa−σa+̺σaz − ̺σa+̺σaz σa−)]
+ in¯ıλltra[(̺̺σa
z
σa−σ
a
+ − ̺σ
a
+̺σaz σ
a
−)− (̺σ
a
−σ
a
+̺σaz − ̺σ
a
+̺σaz σ
a
−)]
+ (n¯ı + 1)ηltra[(̺σ
a
+σ
a
−̺σaz − ̺σ
a
−̺σaz σ
a
+) + (̺̺σaz σ
a
+σ
a
− − ̺σ
a
−̺σaz σ
a
+)]
+ i(n¯ı + 1)λltra[(̺σ
a
+σ
a
−̺σaz − ̺σ
a
−̺σaz σ
a
+)− (̺̺σaz σ
a
+σ
a
− − ̺σ
a
−̺σaz σ
a
+)]
}
= −
∑
ı
ηl
∣∣Θlıa∣∣2
{
2n¯ı[Pσa
z
(t)Λ+σa
z
− Pσa
z
−1(t)Λ
−
σa
z
]
+ 2(n¯ı + 1)[Pσa
z
(t)Λ−σa
z
− Pσa
z
+1(t)Λ
+
σa
z
]
}
, (B.23)
with Λaβ1 = δa,−β .
With the definition of ~Pσn
z
(t) = (P−1(t), P1(t))
T , the
master equation (B.23) reduces to a rate equation for the
state populations:
d
dt
~Pσn
z
(t) = ΓlnM
~Pσn
z
(t), (B.24)
with
M =
[
−n¯ n¯+ 1
n¯ −(n¯+ 1)
]
, (B.25)
Γln =
∑
ı
2ηl
∣∣Θlın∣∣2 . (B.26)
Substituting (A.17) and (B.21) into (B.26), we obtain
the effective dissipation rate of each qubit for different
dominated modes M(l,−1)
Γln =
(1 + cos θn)
2
1 + 4(∆/κ)2
g2
κ
. (B.27)
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